I examine various ideas for radiative polarization at TLEP/FCC-ee and formulate some estimates for the polarization buildup time and the asymptotic polarization. Using wigglers, a useful degree of polarization (for energy calibration), with a time constant of about 1 h, may be possible up to the threshold of W pair production. At higher energies such as the threshold of Higgs production, attaining a useful level of polarization may be difficult in a planar ring. With Siberian Snakes, wigglers and some imagination, polarization of reasonable magnitude, with a reasonable time constant (of not more than about 1 h), may be achievable at very high energies.
There is interest in polarized beams in very high energy circular e + e − colliders, both for energy calibration and for longitudinally polarized colliding beams. I shall discuss both topics below. TLEP has been renamed FCC-ee, but for contact with work by others I shall continue to use 'TLEP' occasionally.
A study of polarization in TLEP was presented by Uli Wienands [1] in kindly informed me that he employed a simple model of quantum excitation and damping to model the spin diffusion and depolarization at high energies (above 80 GeV). However, the asymptotic polarization was cut off at P/P ST = 0.6 for E ≤ 80 GeV and there is no explanation for this.
I present my own analysis of the polarization in TLEP/FCC-ee below. Note that the FCC-ee ring design is still very flexible, so I shall try to keep my analysis to a general level.
For general information on spin dynamics in accelerators, I direct the reader to the reviews by Yuri Shatunov, Kaoru Yokoya and myself [3, 4] . 
II. SOKOLOV-TERNOV POLARIZATION TIME A. Basic results
The first step is to calculate the Sokolov-Ternov polarization time, for a flat ring without wigglers, depolarizing resonances or other complications. I employ the parameter values from [5] , which lists the current machine parameters for FCC-ee. There are four operating energies of principal interest, viz. the Z 0 pole (45 GeV), W -pair production threshold (80 GeV), Higgs production (technically e + e − → HZ, 120 GeV) and tt pair production (175 GeV). The polarization time for an isomagnetic ring of circumference 2πR and bend radius ρ is given by
The time is in seconds, the lengths are in m and the energy is in GeV. I tabulate the corresponding Sokolov-Ternov polarization times (in minutes) in Table I , together with some results for LEP. The columns are chosen to match the table in [5] .
For a fixed ring circumference and bend radius, the Sokolov-Ternov polarization time varies inversely as the fifth power of the beam energy. Hence for FCC-ee at the Z 0 pole, the Sokolov-Ternov polarization time is about 270 h, whereas at 120 GeV (Higgs) it is about 2h and at 175 GeV (tt) it is only 19 min. This shows that a speedup mechanism is required at 45
GeV. The only serious candidate to speed up the polarization time is to employ asymmetric wigglers, but wigglers increase the energy spread and the strengths of the depolarizing spin resonances. All of this has long been known. I shall quantify the use of wigglers more carefully below.
B. Top-up mode and luminosity lifetime
FCC-ee will employ full energy injection. The bunches will have a relatively short luminosity lifetime (see [5] and Table I ) and will be continuously topped up. Under these circumstances, the polarization will not grow exponentially, starting from zero. The freshly injected electrons (or positrons) will be unpolarized, and we must compute a 'weighted average' polarization. If the luminosity lifetime is τ , then with a top-up rate so that the steady-state bunch population is N 0 , we have
I shall use the term 'lifetime weighted polarization' and it is given by
If τ = ∞ (or τ τ p ), which is the usual approximation in polarization calculations, then the asymptotic polarization equals P 0 . However, if τ p = τ , the average polarization is a factor of 2 smaller than P 0 . If τ τ p (luminosity lifetime much shorter than polarization time), the average polarization can be much less than P 0 .
C. Pilot bunches (non-colliding)
Another possibility in FCC-ee is to circulate a few 'pilot bunches' which do not collide with an opposing beam. These non-colliding bunches are not topped up and have a longer circulation lifetime in the ring. Hence their polarization buildup time can be longer than 1
h. These non-colliding bunches will be employed for energy calibration only. I shall discuss their use below.
III. ASYMMETRIC WIGGLERS
At a beam energy of 45 GeV, the guide field is quite low B = Bρ ρ = 45 × 3.3356 11000 0.0136 T = 136 Gauss .
The magnetic guide field at other energies is tabulated in Table I . Even at 175 GeV, the guide field in FCC-ee is comparable to that in LEP at 45 GeV. Hence it should be possible to build asymmetric wigglers of any desired magnetic field, to speed up the polarization time to any desired value. The constraints on the wigglers will arise from the increase in the radiated power, and the increase in the beam energy spread, and the concomitant increase in the strengths of the depolarizing spin resonances. The radiation loss per turn is proportional to the synchrotron radiation integral
The Sokolov-Ternov polarization rate is proportional to the synchrotron radiation integral
For later use, for the numerator term for the asymptotic polarization, let me define
The speedup factor of the polarization rate is A p ∝ I 3 , the ratio of the increase in the radiation loss per turn is A U ∝ I 2 and the ratio of the increase in the relative beam energy spread is A e = I 3 /I 2 (but see below). Let me also define a ratio A n for the numerator of the formula for the asymptotic polarization. If the value of A U exceeds unity, then to constrain the radiated power at 100 MW (= 2 × 50 MW per beam), it will be necessary to decrease the single beam current by a factor of A U . This tradeoff must be borne in mind as a constraint on the wiggler parameters.
I shall treat only asymmetric wigglers consisting of a triplet with bend radii in the ratios −1 :
: −1. The Sokolov-Ternov asymptotic polarization, from the wigglers only, is
If the bend dipoles in FCC-ee are 10 m long, the bend angle per dipole is θ b = 10/11000 rad. The total number of bend dipoles is 2π/θ b = 2π × 1100 6911. For simplicity, I shall assume the ring has 10 4 arc dipoles. I shall also assume there are 100 wigglers in the ring.
Define a ratio N such that 1
Then the synchrotron radiation integrals change in the ratios
A n = 1 + 0.6 100 10000
The value of N will depend on the beam energy. For now, consider E = 45 GeV and N = 30.
This requires an easily achievable wiggler field. Then
At a beam energy of 45.5 GeV, where τ p 270 h, this will naïvely speed up the polarization time to approximately 1h. This analysis of course neglects the contribution of spin resonances, which I shall treat later. The single beam current must be decreased by a factor of 10, to avoid increasing the radiated power. The relative energy spread will increase by a factor of about 5. From the information in [5], the relative energy spread at 45.5 GeV is 0.06%, so this will increase the value to 0.3%.
IV. ENERGY SPREAD
The data for the relative energy spread in [5] indicates a nonnegligible contribution from beamstrahlung (BS). For example at 45.5 GeV in FCC-ee, the relative energy spread due to synchrotron radiation (SR) is 0.04%, but with beamstrahlung included, it is 0.06%. We can
Here σ ε, SR is the value without wigglers and σ ε, BS is the contribution from beamstrahlung.
The energy spread due to the wigglers increases only the contribution from the synchrotron radiation. We must write information. We shall need to leverage the experience gained from the LEP Energy Model.
• LEP I and II together compiled data on the asymptotic polarization over an energy interval from 40 to 100 GeV (see, e.g. [6] and [7] ). This was the first time that polarization data had been compiled over a large energy interval, all in the same ring.
• HERA demonstrated the successful implementation of so-called 'strong spin matching,'
which is essential to attain longitudinally polarized colliding beams. This is important, but is a separate issue.
• The polarization was also measured at SPEAR [8] , over a much smaller energy interval, but with maps of numerous first and higher order spin resonances. The most important feature of the SPEAR data, in the present context, was the synchrotron sideband resonances of a parent first order (horizontal) betatron resonance. Both Jean Buon [9] and I [10] fitted the widths of the synchrotron sideband resonances and demonstrated that the values from the analytical theoretical formulas were in agreement with the data. Note that the analytical formulas had no adjustable parameters, so this was a zero-parameter fit, which is an important validation of the theory to be used below.
In addition, the team of the LEP Energy Model also plotted graphs of the maximum asymptotic polarization attained at numerous e + e − colliders, from VEPP-2M and ACO upwards.
See Fig. 3 in [6] (data up to 1994) and Fig. 10 in [7] (data up to 2000). A significant lesson to learn from these plots is that the maximum asymptotic polarization followed a simple scaling law, based on first order resonances only, for a surprisingly large energy range. The polarization was parameterized via (eq. 1 in [6] )
Here α is a phenomenological parameter. The maximum asymptotic polarization attained at numerous e + e − colliders were all fitted by the above curve, with a single value of α.
(Technically, one value of α for the data without harmonic spin matching, and a different value of α for the data with harmonic spin matching.) The effects of higher order spin resonances became significant at higher energies above the Z 0 pole and the polarization decreased more rapidly than the power law in eq. (14) . To model the higher order spin resonances, I include a so-called 'depolarization enhancement factor' F into eq. (14) . I shall explain below how to calculate the depolarization enhancement factor. Then
In Fig. 2 , I display graphs of the asymptotic polarization using the above scaling law. The dashed curves were computed using eq. (14) and the solid curves were computed using eq. (15). I display graphs to simulate both the cases with and without harmonic spin matching (HSM). I computed the curves in Fig. 2 
The curves (very) approximately match the data shown in Fig. 3 in [6] and Fig. 10 in [7] .
Harmonic spin matching will of course be essential at FCC-ee. I shall argue below that a reasonable value to employ for FCC-ee is to decrease the above HSM value of α by about 2, so α 0.007 (FCC-ee, with HSM) . 
Here Ω 0 is the spin precession vector on the (imperfect) closed orbit, and ω describes the perturbation due to the off-axis orbital motion. The spin motion on the closed orbit can be expressed using a right-handed orthonormal triad (l 0 , m 0 , n 0 ), where n 0 is periodic around the ring and l 0 and m 0 precess around n 0 at the spin tune ν. Then define k 0 = l 0 + im 0 and parameterize n via n = 1 − |ζ| 2 n 0 + (k * 0 ζ). The strengths of the spin resonances are given by ∂ζ/∂ε, where ε = ∆E/E 0 = ∆γ/γ 0 and ζ satisfies the equation
For first order spin resonances
For the higher order spin resonances, it is complicated to integrate eq. (19), but in general the most important driving term for ζ is given by (eq. (2.14) in [11] )
Hence we need to analyze the structure of ω ·k 0 dθ and ω ·n 0 dθ . Following Yokoya [11] , we decompose ω into the contributions from the various orbital modes (eq. (2.2) in [11] )
The notation is self-explanatory. For ultrarelativistic particles (eqs. (2.3)-(2.5) in [11] )
The above expressions neglect fringe field terms, which is a good approximation for γ 0 a 1.
Here G x,y are the quadrupole focusing gradients and ρ x,y are the bend radii. Also η Similarly, ω ε ·n 0 ∝ ε is large, and the higher order synchrotron spin resonances are strong,
as the data from LEP demonstrated. Let us employ a smooth focusing approximation to make some estimates. For simplicity, I treat only the term in the horizontal dispersion in
As is well known, in an ideal planar ring n 0 is vertical and k 0 is horizontal, hence e y · k 0 = 0.
For the other term in ω ε , e x · k 0 = 0 but η y = 1/ρ y = 0 in an ideal planar ring. The nonzero value of ω · k 0 arises from the lattice imperfections. Hence, symbolically,
We can approximate the resonance denominator by 1 2 and ignore it below. Then
Hence ∂ζ ∂ε
This is the basis of the scaling law in eq. (14), for the dependence of the asymptotic polar- 
Hence I claim that a reasonable value of α to use for FCC-ee, in eqs. (14) and (15) By 1992, I had realized that an algorithm to calculate the strengths of the higher order spin resonances using a perturbation series in powers of the orbital amplitudes was not satisfactory for high energy rings such as HERA and LEP. I published an obscure paper in 1992 [12] , where I found that, using a program to calculate the spin integrals in a perturbation series in powers of the orbital amplitudes, the spin resonances driven by the betatron oscillations were weak, even up to the energy of the Z 0 pole and beyond. However, the synchrotron sideband resonances were too strong to be calculated perturbatively via a Tay ∂ζ ∂ε
Here I m is a modified Bessel function. The synchrotron tune modulation index σ is given by
The last expression is for a planar ring, where ν = γa. I tabulate the values of the tune modulation index in Table I . The 'depolarization enhancement factor' F is given by dividing the above by the strength of the parent resonance (obtained by setting σ = 0), i.e.
This depends only on known or easily calculated parameters, not on imperfections, hence it can be accurately computed for FCC-ee. We can fix ∆ν = 0.5 in numerical estimates for FCC-ee (working point halfway between two integers).
I employed the above expression for F in eq. (15), to plot the graphs in Fig. 2 . For simplicity I fixed the synchrotron tune at Q s = 0.065 at all energies. I also fixed C = 26.7 km and ρ = 3.1 km, i.e. the values for LEP.
To compute F for FCC-ee, it is not adequate to include only a single parent resonance.
For example, from [5] (see also 
I found that using more values of m and k did not affect the numerical results significantly.
VI. ESTIMATES FOR POLARIZATION IN FCC-EE A. Formula
Hence I suggest the following overall approximate expression to estimate the polarization in FCC-ee, including both the wigglers and the spin resonances
• This model arbitrarily assumes 10 4 arc dipoles and 100 wigglers. The arcs are isomagnetic. All the wigglers have the same design; it is an 'isowiggler' model.
• The weighted average using the luminosity lifetime also needs to be taken into account.
• Hence the value of F depends on the value of N .
• Conversely, the value of N depends on the value of F. At any given beam energy, the speedup factor for the polarization time (using the wigglers) depends on the value of N . However, varying the value of N changes the energy spread, thence the value of the depolarization enhancement factor F, which then changes the polarization time.
Hence the appropriate value of N must be calculated self-consistently.
• In addition to all of the above, there may be constraints on the radiated power or tolerable energy spread.
B. Z 0 pole
Let us examine what happens at E = 45.5 GeV. From Table I, 
Hence we seek a speedup factor of 5.5, which is a modest value, to reduce the polarization time to 1h. Let us set N = 7. The numerical estimates for the asymptotic polarization and the time constant, etc. are given in the second row of At the Z 0 pole, it seems that one can attain adequate polarization using colliding bunches, but the polarization at the W pair production threshold is marginal for resonant depolar- helpful at the W pair production threshold.
E. Higgs threshold
Next, let us examine what happens at E = 120 GeV. From Table I 
The level of the asymptotic polarization is too low to be useful and using wigglers will only make things worse. The polarization time is about 1 min. This will be so even for noncolliding bunches. Hence there is no useful polarization at this energy, and the same will be true at even higher energies. 
In other words, it is the ratio of the r.m.s. spin tune spread to the spacing between the synchrotron sideband resonances, which are the strongest of the spin resonances. In a planar ring, the spin tune is ν = γa = γ 0 a(1 + ε) and
This leads to the value in a planar ring
This is a large value at very high energies, and that makes the synchrotron sideband spin resonances very strong, and that is the source of the difficulties.
Most of the difficulties to obtain useful polarization in very high energy e + e − rings would be solved, or at least greatly alleviated, if the magnitude of the spin tune modulation index could be reduced. As I found from my studies in 1992 [12] , the other spin resonances (those driven by the betatron oscillations) are relatively much weaker and should not be problematical in FCC-ee.
I suggest the following scheme, using a combination of Siberian Snakes and wigglers.
Siberian Snakes reduce the magnitude of the spin tune modulation index, but Snakes come with side-effects, which I shall discuss below. The proposed scheme is to employ two Snakes, which partition the bending in the circumference into fractions f and 1 − f . Hence the Snakes are not at diametrically opposite points in the ring. The Snakes have parallel spin rotation axes. The Sokolov-Ternov polarization will be decreased, by a factor 1 − 2f (in an isomagnetic ring), because the spins will point up on one side and down on the other side. To remedy this, I employ wigglers with opposite polarity on the two sides, i.e. polarity −1 :
: −1 in one arc and the opposite +1 :
: +1 in the other arc. Thenb · n 0 will have the same sign in all the wigglers all around the ring. Hence the polarization will be generated by the wigglers. There are several issues to be addressed in this scheme:
• Depolarization and increase of the vertical emittance caused by the Snakes themselves.
The Snakes will contain horizontal (radial) magnetic fields.
• The effect of the Snakes on the spin tune. Theoretical Snakes are ideal 180
• spin rotators, but real Snakes will yield a systematic error in the spin tune.
• The contribution of other sources of error such as the Earth and lunar tides, hydrogeologic effects, etc. for resonant depolarization.
• The reduction of the spin tune modulation index.
• The asymptotic polarizatoin and polarization time, in particular at the highest energies.
• As always with wigglers, the increase in the radiated power and the beam energy spread.
Is a practical design of Snakes possible at FCC-ee? I shall argue that the answer is yes.
The simplest design of a Siberian Snake is a solenoid, which rotates the spin by 180
• around the beam axis. The transverse x − y coupling will be compensated by skew quadrupoles.
The required integrated magnetic is given by
Hence BL ∝ Bρ ∝ E, which makes solenoids impractical at high energies. The required magnetic field increases with energy, and is too high to be practical at FCC-ee. The alternative is to employ combinations of transverse magnetic fields. Then we obtain a relation of the form
Hence, for γ 0 a 1,
The required magnetic field scales in proportion to v/c. This is precisely what happens for the Snakes at RHIC. In practice, the variation of v/c is so small at RHIC, from injection to flattop, that the Snake magnetic fields are held a fixed value at all energies. The same will be the case for FCC-ee; the same value of BL will work at all operating energies. It is well known that the transverse orbit deflections scale as 1/E for γ 0 a 1
This is precisely what happens in the RHIC Snakes; the orbit excursions are largest at injection and decrease at higher energies. Let us analyze the radiation loss per turn in a Snake with transverse magnetic fields. The radiation loss over a length L is given by
Here E is the beam energy, B 2 is the mean-square magnetic field, L is the length and I is the beam current. Hence for a fixed Snake magnetic field B snake and length L snake ,
Compare this to the radiation loss per turn in the arcs (isomagnetic ring)
Hence the radiation in a Snake increases only as E 2 and the relative radiation loss (relative to the arcs) scales as 1/E 2 . Hence if a Snake design will work at E = 80 GeV, say, then it will work even better at higher energies.
One design of Snakes is to employ combinations of horizontal and vertical bends. For example Steffen Snakes have a structure of interleaved H and V bends
The presence of vertical bends causes the synchrotron radiation to increase the vertical emittance. The radiation can also drive spin resonances, because of the nonzero horizontal and vertical dispersion in the Snake. The condition to be a Snake is sin
, so a Steffen Snake can be realized by setting ψ H = ψ V = sin A better design of Snakes is to employ helical magnetic fields. This is how the RHIC Snakes are constructed. To the leading order, the helical magnetic field is
Let the 'wavelength' of the helical field be λ h , then the helix pitch is k = 2π/λ h . If η h = ±1 the twist of the helix has positive/negative helicity. I shall employ the Snake design of the BINP team (Budker Institute of Nuclear Physics) [13] . It was employed for the RHIC Snakes [14] . The design consists of four equal length helical modules, all with helicity η = 1 with magnetic fields in the pattern (B 1 , B 2 , −B 2 , −B 1 ). This field pattern automatically yields a spin rotation axis in the horizontal plane. In each module, the total twist angle of the helix is 720
• (in the RHIC Snakes it is 360 • ). Hence each helix module contains two full twists.
There are important reasons why the twist angle should be a multiple of 360
• , see [13] or the review [3] for details. In particular, it guarantees automatic internal closure of the orbit excursions in the helix; no compensating dipoles or quads, etc. are required. Furthermore, optically the helices look like drift spaces of the same physical length that they occupy.
Hence, for example, RHIC can be operated with and without the Snakes and spin rotators, without change to the rest of the machine optics. The radius of the helical orbit in the Snake is given by
The ratio of the radiated energy is
I employed a design with λ = 100 m, so each module length is 200 m, and the overall Snake length is 800 m. I set B 2 = −B 1 . The overall spin rotation angle depends on the value of B 1 . I set the beam energy to 80 GeV. I obtained a Snake, i.e. 180
• spin rotation angle, using B 1 0.034 T, i.e. 340 Gauss. The spin rotation axis points about 8.8
• from the beam axis.
The maximum orbit excursion is about 3.3 cm, which should fit in a straight beam pipe.
The (ratio of the) radiation emitted in the Snake is
Other parameter values are of course possible. The main point is to argue that a feasible set of helical Snake parameters is possible at FCC-ee. Note that we need two Snakes, and each Snake is optically a drift space of 800 m. The ring lattice must be designed to accomodate this. Nevertheless, the required magnetic field is modest, the orbit excursion is small and the vertical dispersion (hence any excitation of the vertical emitttance and spin resonances) is likely to be small. As I have pointed out above, the scalings of the orbit excursion, etc. with energy will make the performance even better at higher beam energies.
D. Spin tune
For a pair of Snakes with spin rotation axes oriented at angles ξ 1 and ξ 2 relative to the beam axis, the spin tune (for ideal Snakes) is
If ξ , as is well known. However, I choose parallel Snake axes ξ 1 = ξ 2 , so the constant term vanishes. Then
I shall discuss the systematic error later. The use of parallel Snake axes means the two Snakes can be built to the same design, and be powered in series, which will help to constrain the systematic error. I suggest setting f = 0.48. Then 1 − 2f = 0.04. The spin tune will be proportional to the beam energy, and can be used for energy calibration.
E. Resonant depolarization
Note that if 1 − 2f = 0.04, the effects of systematic errors such as lunar and Earth tides, water levels and hydrogeology, etc. will be magnified by a factor of 1/0.04 = 25. This must be taken into account in the practical measurements of resonant depolarization (RDP) because
The effects of all systematic and statistical errors in the measurement of f RDP will be magnified by a factor of 1/(1 − 2f ).
I found that f = 0.48 was a reasonable compromise value. Using a larger value such as f = 0.49 did not increase the asymptotic polarization significantly, and magnified the sensitivity of the energy calibration to systematic and statistical errors. Using a smaller value such as f = 0.45 decreased the asymptotic polarization noticeably at the highest energies. Hence I suggest that f = 0.48 is a good value to employ.
F. Systematic error from Snakes
I perform a simple analysis of the systematic error in the spin tune induced by the Snakes.
Since the Snakes have parallel spin rotation axes, I shall treat them as identical. Suppose the Snake spin rotation axis points along the beam axis. Let the spin rotation angle of the Snakes be π (1 + δ) , where |δ| 1. Let the coordinate axes be (e 1 , e 2 , e 3 ), which are radial, longitudinal and vertical, respectively. Technically, I need the Snake axes to be antiparallel, so the Snake spin rotation matrices are M S1 = e −iπ(1+δ)σ 2 /2 and M S2 = e iπ(1+δ)σ 2 /2 . The one turn spin rotation matrix, on the design orbit, is
The spin tune is obtained from half the trace cos(πν) = sin 2 πδ 2 cos(πν 0 ) + cos 2 πδ 2 cos(πν 0 (1 − 2f ) ) .
For δ = 0 we see that ν = ν 0 (1 − f ) = γ 0 a(1 − 2f ). Next
Hence for small |δ|
The systematic error arising from |δ| 1 is of second order O(δ 2 ). Hence it should be a very small systematic error. It should be possible to configure the Snakes such that |δ| ≤ 10 −3 , for example by varying the Snake currents and making a map of the spin tune. In practice there are also other sources of systematic error. For example, the Snake axes will not, in general, point exactly along the beam axis. Also, the Snake axes will not be exactly (anti)parallel.
All of these effects need to be analyzed, but they should all be small.
Neglecting the systematic error from the Snakes, we see that
The systematic error will also depend on ε, but it should be very small, much less than
(1 − 2f )γ 0 a. Compared to the situation in a planar ring, the spin tune modulation index will be
If we set f = 0.48, the value of the spin tune modulation index will be reduced by a factor of 25. The smaller value of σ will reduce the value of the depolarization enhancement factor F, i.e. weaken the synchrotron sideband spin ressonances, which is the fundamental idea underlying this scheme.
For the asymptotic polarization, in an isomagnetic ring the Sokolov-Ternov polarization level will be multiplied by a factor 1 − 2f . Hence for f = 0.48, the asymptotic polarization will not be more than 0.04 × 8/(5 √ 3) 3.7%. The wigglers will be required to increase the asymptotic polarization, as well as to control the polarization time. I define a new numerator term for the polarization formula ('s' for 'Snakes')
The overall polarization formula is
The formula for the polarization time is not changed from that in eq. (36), but the value of F will be smaller. 
We seek a speedup factor of about 12, to reduce the polarization time to 1h. Let us set N = The radiation loss per turn increases by a factor of 2.44, hence the single beam current must be decreased by the same factor, to maintain the radiated power at 100 MW. Hence the radiation from each Snake will be about 0.0228 × 50/2.44 0.47 MW over a length of 800 m. This should be acceptable, because the nominal FCC-ee design calls for 50 MW per ring over 100 km, i.e. 0.5 MW per km. Recall from above that the maximum orbot excursion is about 3.3 cm.
Higgs threshold
Next let us examine what happens at the Higgs production threshold, E = 120 GeV. From Table I 
The polarization time is already about 7 min. We therefore seek a modest setting for the wigglers. Let us set N = 5. The numerical estimates for the asymptotic polarization and the time constant, etc. are given in the seventh row of Table II . The time constant is about 3 min while the luminosity lifetime is about 15 min. The asymptotic polarization is about 11.3% and the lifetime weighted average polarization is about 9.5%, which is almost the same because the luminosity lifetime is much longer than the polarization time. The above numbers should be accepatble for resonant depolarization measurements. The relative energy spread is about 0.23%, which is only slightly larger than the value from [5], which is 0.19%.
Note that both of the above figures include the beamstrahlung contribution. The radiation loss per turn increases by a modest factor of 1.25, hence the single beam current must be decreased by the same factor, to maintain the radiated power at 100 MW.
The maximum orbit excursion in the Snakes is about 1.5 cm and the relative radiation loss is about 0.5%. Hence the radiation from each Snake will be about 0.005×50/1.25 0.19 MW over a length of 800 m. These values should be acceptable.
I. Graph
In Fig. 3 , I plotted the data for the four energies in Table II . The squares are for the naïve asymptotic polarization and the triangles are for the lifetime weighted average polarization.
The data at 45 GeV was computed without Snakes; the other three cases employed Snakes with f = 0.48. I also plotted smooth curves (solid and dashed) simply as a guide to the eye for the two datasets, respectively. The curves are given by
Snakes are not required at the Z 0 pole, and at the W pair threshold one can probably perform energy calibration using non-colliding bunches, again without Snakes. However, Snakes will probably be essential to obtain a useful degree of polarization at higher energies.
The above analysis indicates that, with several caveats, a reasonable degree of the (lifetime Of course, one could employ Snakes with non-colliding bunches and avoid the problems of the luminosity lifetime. This would yield the data plotted as squares in Fig. 3 . A considerable degree of polarization would be available even at the highest energies in FCC-ee, for energy calibration. However, one could not obtain longitudinally polarized colliding beams this way.
VIII. LONGITUDINALLY POLARIZED COLLIDING BEAMS
The experience from HERA is invaluable for longitudinally polarized colliding beams. The HERA team demonstrated the successful implementation of so-called 'strong spin matching'
for the HERA spin rotators. The same will have to be done in FCC-ee. FCC-ee will have separate e + and e − rings, hence it will be possible to have independent helicity control for the e + and e − beams.
To attain longitudinally polarized colliding beams first requires that there be a reasonable of degree of the asymptotic polarization even without any spin rotators in the ring. From my analysis above, I believe a useful degree of the asymptotic polarization, with a practical time constant, should be possible at the Z 0 pole, using only spin rotators but no Snakes.
However, Snakes will be required at higher energies.
One obvious question, to attain longitudinal polarization at the IP, is whether one should employ diametrically opposed Snakes (f = Table II . The curves are guides the eye, as described in the text.
